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Abstract 

A graph is (m, fc)-colourable if its vertices can be coloured with m 
colours such that the maximum degree of any subgraph induced on ver¬ 
tices receiving the same colour is at most k. The fc-defective chromatic 
number for a graph is the least positive integer m for which the graph 
is (?n, fc)-colourablc. All triangle-free graphs on 8 or fewer vertices are 
(2, l)-colourable. There are exactly four triangle-free graphs of order 9 
which have 1-defective chromatic number 3. We show that these four 
graphs appear as subgraphs in almost all triangle-free graphs of order 
10 with 1-defective chromatic number equal to 3. In fact there is a 
unique triangle-free (3, l)-critical graph on 10 vertices and we exhibit 
this graph. 
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(3,1)—critical graph 

Math Review Codes. MSC 05C15 MSC 05C35 

1 Introduction 

We consider in this paper undirected graphs with no loops or multiple edges. 
For all undefined concepts and terminology we refer to [3j. 

Given a graph G, da(u), Nq(u) and Vc[u] denote respectively the de¬ 
gree, the neighbourhood, and the closed neighbourhood of a vertex u in G. 
The union of graphs G\ and G% is denoted by G± U G 2 ■ For convenience we 
write 2 G in place of G U G. 
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Let k be a nonnegative integer. A subset U of the vertex set V(G) is 
k-independent if A((?[£/]) < k. A O-independent set is an independent set in 
the usual sense. A graph G is (m,k)-colourable if it is possible to assign m 
colours, say 1, 2,... , m to the vertices of G, one colour to each vertex, such 
that the set of all vertices receiving the same colour is ^-independent. The 
smallest integer m for which G is (m, fc)-colourable is called the k-defective 
chromatic number of G and is denoted by Xk(G). A graph G is said to be 
(m,k)-critical if Xk(G) = m and Xk(G — u) < m for every u in V(G). A 
graph G is said to be (m, k)-edge-critical if Xk{G) = m and Xk(G — e) < m 
for every e in E{G). 

It is easy to see that the following statements are equivalent. 

(i) G is (m, &)-colourable. 

(ii) There exists a partition of V{G) into m sets each of which is k- 
independent. 

(hi) Xk(G) < m. 

Note that xo(G) is the usual chromatic number. It is easy to see that 
Xk{G ) < r 'CT l- The conce Pt °f fc-defective chromatic number has been 
extensively studied in the literature (see mmeieje]). Given a 
positive integer m, it is well known that there exists a triangle-free graph 
G with Xk(G ) = m. A natural question that arises is: what is the smallest 
order of a triangle-free graph G with Xk(G) = m? We denote this smallest 
order by f(m, k). The parameter f(m, 0) has been studied by several authors 
(see m ei ei m) and f(m, 0) is determined for m < 5. It has also been shown 
that /(3,1) = 9 and /(3,2) = 13. Furthermore the corresponding extremal 
graphs have been characterized (see pa Ei). 

In this paper we characterize triangle-free graphs of order 10 with %i(G) = 
3. In a subsequent paper [Tj we build from the results of this paper to deter¬ 
mine the smallest order of a triangle-free planar graph which has 1-defective 
chromatic number 3. 

In all the figures in this paper a double line between sets X and Y means 
that every vertex of X is adjacent to every vertex of Y. 

2 Preliminary results 

We need the following results, proofs of the theorems being in the papers 
cited. 
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Theorem 2.1 f \l(k \TBJ ) Let G be a graph with maximum degree A. Then 


»(°)^¥TTl = 1 + L 


k + 1 


Theorem 2.2 ( J13f ) The smallest order of a triangle-free graph with xi (G) = 
3 is 9, that is, /(3,1) = 9. Moreover, G is a triangle-free graph of order 
9 with Xi(G9 = 3 if and only if it is isomorphic to one of the graphs Gi, 

1 < i < 4 given in Figure QJ 



Cr, C 4 


Figure 1: The critical graphs of order 9 with xi (G) = 3: G\ to G 4 of [13]. 


3 Main results 

Consider a graph G of order n. The following notation is used repeatedly 
in the paper: 

u is a vertex of degree A(G), A = Nq{u ), B = V{G) — Ng[u], ( 1 ) 

H = G[B] and z £ B with dn(z) = A (H). (2) 

We henceforth denote the vertex set V(G) by V and the edge set E(G) 
by E. 
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Lemma 3.1 Let G be a triangle-free graph. In the notation described above, 
suppose that A (H) = \B\ — 1 and |AnlV( 3 (, 2 )| < 2k, where k is a nonnegative 
integer. Then Xk{G) < 2. 

Proof. Consider a partition of Ar\N G (z) into two sets An and A \2 such that 
\An | < k for i = 1 and 2. Since G is triangle-free, the sets Nh(z)U{u}L)Ah 
and (A — An) U {z} are both ^-independent. Hence Xk(G) < 2. □ 

Lemma 3.2 Let G be a triangle-free graph of order 10 with Xi{G) > 3. 
Then (i) A (H) > 2 and (ii) 4 < A(G') < 6. 

Proof. The lower bound for A(G) follows from Theorem 12.11 Let u £ V 
with d G (u ) = A (G). If A (H) < 1, then {u} U B is 1-independent. Since A 
is also 1-independent, this implies Xi(G f ) < 2. Thus A (H) > 2 and hence 
\B\ > 3 implying that A(G) = |A| < 6. □ 

Lemma 3.3 Let G be a triangle-free graph of order 10 with A(G) = 6. If 
Xi (G) = 3 then there exists a vertex u* in G such that G — u* = G 4 . 

Proof. Assume that Xi(G) = 3. Using the notation described before we 
have \B\ = 3. From (i) of Lemma lT2l we have A (H) > 2. Thus A (H) = 2. 

Let z € B with dn{z) = 2. Using Lemma [3.11 we conclude that | A n 
N g (z)\ > 3. Also, as d G {z ) <6, \A fl Ag(^)| < 4. 

Let A\ = A fl N G (z), A 2 = A — A\ and Nh{z) = {^ 1 ,^ 2 }- Since G is 
A 3 -free, the set A\ U {^ 1 , 22 } is O-independent. If z\ is adjacent to at most 
one vertex of A 2 , then 

A U {zi}is 1-independent. So is V — (A\J {z\}) = {u, z, Z 2 }. 

It follows that Xi{G) < 2, a contradiction. Hence z\ (similarly Z 2 ) has at 
least two neighbours in A 2 . Since | AI 2 1 < 3, Z\ and Z 2 have at least one 
common neighbour in A 2 . 

Suppose that there is exactly one common neighbour, say x, of z\ and 
Z 2 in the set A 2 . This implies that |^4.21 = 3 and X = (A — {x}) U {^1 , Z 2 } 
is 1-independent. Since V — X = {u, x, zj is also 1-independent we have 
Xi (G) < 2, a contradiction. Thus A 2 has at least two common neighbours, 
say x and y, of z\ and Z 2 - 

Now select a vertex u* from A as follows. If Aj | = 4 then u* is any 
vertex of A\. Otherwise, that is, if \A\\ = 3 then u* is a vertex in A 2 
(note that IA 2 I = 3) different from x and y. Now it is easy to verify that 
G — u* = G 4 . Hence the result. □ 
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Lemma 3.4 Let G be a triangle-free graph of order 10 with A (G) = 5. If 
Xi(G') = 3 then either there exists a vertex u* with G—u* = Gi for 1 < i < 4 
or G = G$ illustrated in Figure [M 



Figure 2: G 5 

Proof. Suppose that xi (G) = 3. Using the notation described before, it 
follows that |-B| = 4. Now using Lemma 13.11 and Lemma l3.2l il. we have 
A (H) = 2. Let » £ B such that (z,v) 0 E, Nh(z ) = {2:1,22} and A\ = 
A n Nq(z). Note that |^4i| < 3. 

Case i. |Ai| = 3. 

Let A — A\ = {xi,X 2 }- Suppose that (z\,xi) 0 E. 

Claim [3711 1. (v,Z 2 ) € E. 

Since Xi(G) = 3 and 

AU{zi} is 1-independent, V — (Au{zi}) = {u,v, z, 22 } is not 1-independent. 

This proves Claim [Til l. 

Claim [3711 2. (v,X 2 ) € E. 

Since xi(G) = 3 and (^4 — {^ 2 }) U { 21 , 22 } is 1-independent, it follows that 
{u,z,v,x 2 } is not 1-independent. This in turn implies that (v,X 2 ) € E. 

Combining Claims [3lTl l and !3.41 2 with the assumption that G is triangle- 
free, we have ( 22 , 3 : 2 ) 0 E. Now, note that the sets 

X\ = A U { 21 , 22 } and V — X\ = { u , 2 , v} are both 1-independent 

implying that Xi(G) < 2, a contradiction. Thus ( 21 , x\) £ E. Using similar 
arguments we conclude that ( 21 , 2 : 2 ) £ E and ( 22 , xf) £ E for i = 1, 2. Now, 
clearly, G — v = G 4 . This completes Case i. 

Case ii. |Ai| < 2. 

Since A (H) = 2 and \B\ = 4, clearly H is either P 3 U K\ or P 4 or C 4 . 


5 


















Let us first consider the case that H = P 3 U K\ or P4. 

If |j4i| < 1 then the sets X = A U {z} and V — X partition the vertex set V 
of G into two 1 -independent sets implying that Xi(G) < 2 , a contradiction. 
Hence |Hi| = 2. Let A\ = {ui,u 2 }. If (v,ui) 0 E then the sets X\ = 
{it, } U (B — { 2 }) and V — X\ partition V into 1-independent sets. This 
implies that xi(G) < 2, a contradiction. Thus (v,u\) £ E. Similarly 
(v,u 2 ) £ E. 

Now let us assume that H = P4 and (v,z 2 ) £ E(H). The arguments 
used to conclude that v and z are both adjacent to u\ and u 2 can now be 
repeated with reference to the vertices z\ and z 2 since dn{z 2 ) = 2 . Thus 
we conclude, without loss of generality, that z\ and z 2 are both adjacent to 
say u 3 and 114 from A — {iti, u 2 }. Let {tts} = A — {u\, u 2 , «3, ^4}. Note that 
G-u 5 ^G 2 . 

Now let H = P3 U K\. If z± has at most one neighbour in A — {rti, u 2 } 
then Xi(G') < 2 since 

X = A U {zi} and V — X are both 1 -independent. 

Thus zi and similarly z 2 have at least two neighbours in A—{u\,u 2 }. Now let 
{1x3,1x4,1x5} = A — A\. Suppose that z\ and z 2 have two common neighbours 
in {1x3,1x4,1x5}, say 113 and U4. Then clearly G — 115 = G\. 

Now assume that z\ and z 2 have exactly one common neighbour. Specif¬ 
ically, assume that z\ is adjacent to 113 and U4 ; z 2 is adjacent to 113 and u§. 
Now 

X] = (A — {xx 3 }) U {z \, z 2 j is 1 -independent so that V — X\ is not 

as xi(G) = 3 . This implies that (v,us) £ E. Similarly, by considering the 
sets 

X 2 = {ui,u 2 ,U3,U4,z 2 } and X 3 = {ui,u 2 ,u 3 ,u 5 ,zi} 
we conclude that (v,u 3 ) and (ix, 1/4) are in E. Then G = G§ given in Figure 

E 

From now onwards we will assume that H = C4. Thus every vertex of 
H has degree A (H) = 2 in H. Moreover we assume that 0 has the largest 
number of neighbours in A. Recall that (v,z) ^ E(H). Since |Hi| < 2 , we 
have IfVc^) H Nq(v) (1 A\ < 2. 

Firstly if \Ng{z) D Nq(v) fl A\ = 1 then the sets 

X I = (A - (N g (z) n N g (v))) U {z, u} and V - X 3 

provide a (2,l)-colouring of G, a contradiction to the assumption that Xi{G) = 
3 . 
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Next let \Ng(z) fl Nq(v) fl A\ = 0 . If |Hi| < 1 then by the choice 2, 
| Ng(v) D A\ < 1 . But then the sets Y\ = Au [v, 2} and V — Y\= {14, z±, Z2} 
provide a ( 2 ,l)-colouring of G, a contradiction. Hence |Hi| = 2 and let 
A\ = {u\, 112}- If v has atmost one neighbour in A then the sets 

X 2 = {44,2,442,443,444,445} and V — X 2 = {u,ui,zi,z 2 } 

form a ( 2 ,l)-colouring of G, a contradiction. If v has two neighbours in A, 
say 443 and 444, then the sets 

X 3 = {zi,Z2,ui,U2,u 3 ,u A } and V - X 3 = {u,u 5 ,z,v} 

provide a ( 2 ,l)-colouring of G, a contradiction. 

Hence | Nq ( z ) n Ng(v ) fl A\ = 2 . Without any loss of generality we 
assume that Nq(z ) fl Ng(v ) fl A = {441,442}- Similarly we can easily show 
that \Nq(zi) fl Ng(z 2 ) flH| = 2 . Without any loss of generality, let Nc{zi)n 
Ng(z 2 ) H A = {443,444}. Now let {445} = H — {441,442,443,444}. It is easy to see 
that G — 445 = G 3 . 

This completes the proof of the lemma. □ 


Lemma 3.5 Let G be a triangle-free graph of order 10 with A (G) = 4 and 
3 < A (H) < 4. If Xi(G) = 3 then there exists a vertex u* in G such that 
G — 44 * — G\ or G 2 - 


Proof. We will assume xi(G) = 3 . Let A = {441,442,443,444}. If A (H) = 4 
then G is a subgraph of and Xi(G) < Xo(G) = 2 , a contradiction. 

Hence we assume A (H) = 3 . 

Let Njj(z) = {zi,Z2,z 3 } and v G B such that (z, v ) 0 E(H). We provide 
a proof of this lemma by making and proving, a sequence of claims. 

Claim l 3 T 5 l l. |IV#(4;)| > 2 

Suppose that | A/j/ (44) | < 1 : then we can partition V into two 1 -independent 
sets, X = A U {z} and V — X. Hence xi (G) < 2 , a contradiction. This 
establishes Claim [ 3751 1 . 

Without any loss of generality, assume that (44,21) and (44,22) are in 
E(H). Note that |IVg( 2) n A\ < 1 and |IVg( 44 ) n A\ < 2 . 

Claim I 3 . 5 L 2 . If |!Vg(2) fl A\ = 1 then G — u\ = G 2 - 

Suppose that | (2) fl j 4 | = 1 and let (2,441) £ E. If, in addition, (44,441) £ E 

then the sets 

X = {442,443,444,2, 44} and V — X 
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partition V into 1-independent sets implying Xi(G) < 2, a contradiction. 
Hence (v,u i) 0 E. If \Ng(v) PI A\ < 1 then again xi(G) < 2 since 

X\ = A U {//, z } and V — X\ are both 1-independent, 

Hence \Ng(v) n A\ = 2. Let us assume that Nq(v ) fld = {7/2,773}. The set 

X 2 = {ui, 7/3, 7/4, z, 7/} is 1 independent, so V — X 2 is not 1-independent 

as Xi(G) = 3. This implies that ( 2 / 2 , 23 ) G E. Similarly we conclude that 
(u 3 , £ 3 ) € E. 

Since the sets 

Y\ = {u, 2 , 77 , 23 } and I 2 = { 7 / 1 , 7 / 2 , 7 / 3 , 21 , 22 } are 1-independent, 

V — Yi = H U { 21 , 22 } and V — Y 2 = { 2 , 23 , 7 /, 7 / 4 , 77 } are not 1-independent 

as Xi(G) = 3. Hence ( 7 / 4 , 21 ), ( 7 / 4 , 22 ) and ( 7 / 4 , 23 ) are all in E. Now G — u\ 
is isomorphic to G 2 given in Figure 02 



Figure 3: G — 7/1 = G 2 

This establishes Claim [3751 2. Henceforth we will assume that | Nq{z) PlH| = 

0 . 

Claim I3T51 3. \Ng(v) YA\ = 2 and ( 77 , 23 ) 0 E(H). 

Otherwise, that is, if |1Vg(t7) D A\ < 1, then X = A U {z,v} and V — X 
provide a partition of V into 1-independent sets, implying Xi(G) G 2. Hence 
^( 3 ( 77 ) OH| =2. Since dc(y) < 4 we now have ( 77 , 23 ) 0 E. This establishes 
Claim 13.51 3. 

Without any loss of generality, we now assume that IVg( 77 ) 0^4 = {u\, u 2 }- 
Clearly there are no edges between { 21 , 22 } and { 7 / 1 , 772 }- 
Claim I3T51 4. For i = 1 and 2, ( 77 ^, 23 ) € E. 

Now note that the set X\ = {u 2 , 7 / 3 , 7 / 4 , 2 , 77} is 1-independent while V—X\ = 
{u, Tii, 21 , 22 , 23 } is not as Xi(G) = 3. This implies ( 7 / 1 , 23 ) € E. Similarly 
( 7 / 2 , 23 ) G E. This establishes Claim [3751 4. 
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Since 23 is adjacent to u\, 7 x 2 and 2 and do(z 3 ) < 4 we can assume, with¬ 
out any loss of generality, that ( 23 , 113 ) 0 E. The set X\ = {77, u 3 , v, z, 23 } is 
1-independent while V — X\ = {111,112,114, z±, Z2} cannot be as Xi(G') = 3. 
This implies that (tt 4 , 2 i) and ( 7 x 4 , 22 ) are both in E. Now if ( 23 , 7 x 4 ) fL E, 
we can similarly conclude that ( 7 x 3 , 2 j) G E for 7 = 1 and 2. In this case we 
can easily verify that G — z = G\ (see Figure Ufa)). On the other hand, 
that is if ( 23 , 7 x 4 ) £ E, we can check that G — 7 x 3 = G 2 (see Figure |4f&)). 



(a) G — z = G\ ( b ) G - u 3 = G 2 

Figure 4: Graph G — u* 

This proves the lemma. □ 

Suppose that G is a triangle-free graph of order 10 with A (G) = 4 and 
Xi (G) = 3. As a consequence of Lemmas I3.2l i) and 13.51 we can assume that 
A (H) = 2. It is easy to see that H is isomorphic to one of the graphs (i) 
P 3 U 2K\ (ii) P 3 U K 2 (iii) P 4 U K\ (iv) P 5 (v) C 3 and (vi) C 4 U K\. 

Lemma 3.6 Let G be a triangle-free graph of order 10 with A (G) = 4 and 
A (H) = 2. Furthermore, let H be isomorphic to P 3 U 2K\ or P 3 U i^ 2 - If 
Xi (G) = 3 then there exists a vertex u* in G such that G — u* = G\ or G 2 
or G 3 . 

Proof. Assume that Xi(G') = 3. Let 2 € B with du(z) = 2 and Njj(z) = 
{zi,Z 2 j. For x in { 2 , 21 , 22 } we have |A _ G'(x)nA| > 2 , otherwise X\ = Au{x} 
and V—X\ provide a ( 2 , l)-colouring of G, a contradiction. Since du{z) = 2 , 
we have | Ng(z) fl A\ = 2 . Since G is K 3 -free, this implies | Na(zi) 0 A\ = 2 
for 7 = 1 and 2 . Without any loss of generality we can write Nq{z ) 0 A = 
{ 7 x 4 , 7 x 2 } and Nc{zi) Pi A = { 7 x 3 , 7 x 4 } for 7 = 1 and 2 . 

Let { 23 , 24 } = V(H) — { 2 , 21 , 22 }. If ( 23 , 7 x 1 ) and (23,7x2) are in E then 
G — 24 = G*i or G 2 or G 3 according as the number of edges between { 23 } 
and { 773 , 7 x 4 } is 0 or 1 or 2. Hence we will assume, without loss of generality, 
that (23,7x2) ^ E. Suppose (24,7x2) ^ E then 

Xi = { 77 , 7 x 2 , 21 , 22 , 23 , 24 } and V - Xi 
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form a ( 2 ,l)-colouring of G, a contradiction. Hence (2:4, u 2 ) G -E. If (24, iti) G 
E then G — Z3 = G\ or G2 or G3. Hence we assume that (2:4, u±) fL E. Now 
since dciu^) < 4 , we can assume that (^3,23) ^ E, from which it follows 
that the sets 

-X"i = {u 2 ,U3,U4, 21,2:3} and V - X\ 

form a (2,l)-colouring of G, a contradiction. 

This proves the lemma. □ 

Lemma 3.7 Let G be a triangle-free graph of order 10 with A(G) = 4 and 
A(H) = 2 . Furthermore, let EL be isomorphic to P4UK1. If Xi(G) = 3 f/ien 
f/iere exists a vertex u* in G such that G — u* = Gi, for some i, 1 < i < 3 . 

Proof. Let us suppose that Xi{G) = 3 . Let 2 and z\ be vertices in B with 
d H (z) = du(zi) = 2 . Note that (z,zi) G E(H). Let z 2 (z 3 ) be the other 
neighbour of z (zi) . Finally, let {24} = V(H ) — {z, z\, Z2, 2:3}. 

Claim T 3 . 71 1 . For x = z and z\, \Ng(x) fl A\ = 2 . 

This claim can be proved using arguments similar to the ones used in 
Lemma 13.61 

Now, without any loss of generality, let Nq(z) fl A = {u\,U2} and 
Ng(zi)hA = {^3,^4}. Since xi(G) = 3 and V—A— {^2,^3} is 1-independent 
it follows that A U {Z2, £3} is not 1 -independent. Note that Z2 and do not 
have a common neighbour in A. Thus we conclude that either {z2,uf) G E 
for i = 3 and 4 or (z 3 ,Uj) G E for i = 1 and 2 . Suppose, without loss of 
generality, (z2,Ui) G E for i = 3 and 4 . 

If Z3 is adjacent to both u\ and U2, then it is easy to verify that G — 24 = 
G 2 . 

Hence (2:3, Ui) 0 E for i = 1 or 2 . Without any loss of generality assume 
that (zs,ui) E. Now 

X\ = {u2,113, U4, z} and X 2 = {iti, tt 3 ,144, z, z 3 } are 1 -independent. 

Since Xi(G) = 3 , the sets V — X\ = {u, u\, z\, z 2 , Z3, Z4} and V — A 2 = 
{u,U2, zi, Z2, Z4} are not 1 -independent. This in turn implies that (uj, Z4) G 
E for i = 1 and 2 . Now it is easy to verify that G — z 3 = Gi or G 2 or G3. 
Hence it follows that there exists a u* such that G—u* = G± or G 2 or G 3 . 
This proves the lemma. □ 

Lemma 3.8 Let G be a triangle-free graph of order 10 with A(G) = 4 and 
A (H) = 2 . Furthermore, let H be isomorphic to P$. If xi(G) = 3 then 
there exists a vertex u* such that G — u* = Gi, for some i, 1 < i < 3 . 
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Proof. We assume that Xi{G) = 3 . Let 2 be the central vertex of H. Since 
A(G) = 4 , |IV G (z)nA| < 2 . If |!V G (z)nA| < 1 then A = Au{z} andH-A 
form a partition of V into 1 -independent sets implying Xi(G) < 2 . Thus 
| Ng(z) nA\ = 2 and let A G (z) n A = {wi,w 2 }- Also let Nh(z) = {£i,2 2 }. 
Furthermore, let Z3 and Z4 be the neighbours of z\ and z 2 respectively. 

Since xi (G) = 3 and X = {u, z, Z3, Z4} is O-independent, the set V — X = 
A U {zi,Z2} is not 1 -independent. 

Since {iti, tt 2 , z\, z 2 } is totally disconnected, it follows that A(F) = 2 
where L = G[{ri3, 114, z\, z 2 }]. Suppose that ^£,(143) = A (L) = 2 . This 
means that (113, zf) £ E for i = 1 and 2 . Since G is triangle-free (1L3, zf) 0 E 
for i = 3 and 4 . 

Now note that dc{z) = A (G) = 4 . Let 

F = G[V - A g [z|] = G[{u, 7(3,14,2:3, 24}]. 


Clearly either 

(i) A (F) = dpiuif) = 3 or 

(ii) A(F 1 ) = 2 and F = P4U K\ or F3 U 2 K\. 

Hence Lemma l 3 . 8 l is established using Lemmas l 3 . 5 l to lT 7 l in the case <^(713) = 
A(F) = 2 . Similarly, the lemma is established when (^(714) = A(L) = 2 : in 
other words when (^4, Zi) £ E for i = 1 and 2 . 

Now let us assume that d^zi) = A(L) = 2 , that is (2:1,74) £ FI for 
i = 3 and 4 . Therefore (2:3,14) 0 FI for i = 3 and 4 . Now note that 
dc(z) = A(G) = 4 . 

Note that F = G[V — Ng[z}] = G[{u, U3, 74, Z3, Z4}} = P 3 U 2 FC or 
F4 U K\ or C4 U K\ according as 2:4 is adjacent to 0 or 1 or 2 vertices from 
{ri 3 ,n 4 }- 

If F = P3 U 2 K\ or P4 U K\ then Lemma 13.81 is established using Lem¬ 
mas 13.61 and 13.71 

Hence we assume that F = C4 U K\. This implies that (2:4,74) is in E 
for i = 3 and 4 . Since Xi(G') = 3 and the set 

X\ = {u, z, zi, Z4} is 1 -independent, the set V — X\ is not 1 -independent. 

Thus (2:3, 74) £ E for i = 1 , 2 . Now it is easy to verify that G — Z2 = G\ 
or G 2 according as the number of edges between {2:4} and {711, n 2 } is 0 or 1 . 
This establishes the lemma when di,{zi) = A(L) = 2 . 

Since the vertices z\ and z 2 are similar, the lemma is established when 
^l(" 2) = A(L) = 2 in a similar manner. 

This completes the proof of Lemma 13.81 □ 
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Lemma 3.9 Let G be a triangle-free graph of order 10 with A (G) = 4 and 
A (H) = 2 . Furthermore, let H be isomorphic to C§. If Xi{G) = 3 then 
there exists a vertex u* in G such that G — u* = Gi for some i, 1 < i < 3 . 

Proof. Let V(H) = {z\, 22,23, 24,25}. Assume that (2$, 2$+1) G E(H) for 
i = 1 , 2 , 3 , 4 and (25,21) G E(E). Assume that yi(G) = 3 . The set 
X\ = {u, Z2, 24,25} is 1 -independent and so V — Xi = A U {21,2:3} is not 
1-independent. 

This implies that A (L) = 2 where L = G[A U {21,23}]. Now, either 
d L {ui) = 2 for some i, 1 < i < 4 or d^zf) = 2 for i = 1 or 3 . 

Case i. di,{ui) = 2 for some i, say i = 1. 

Hence (txi, 2j) G E for i = 1 and 3 . Since G is triangle-free, (u\,Zi) 0 E 
for i = 2, 4 , 5 . Since Xi(G 0 = 3 and the set Y\ = {u, u\, 22,24,25} is 
1—independent, the set V — Y} = {142,^3,7x4,21,23} is not 1-independent. 
This in turn implies that, for some i G { 2 , 3 , 4 }, ( m,Zj ) G E for j = 1 and 
3 . Without any loss of generality we assume that (v,2,Zj) G E for j = 1 
and 3 . Now note that (u2,Zj) fL E for j = 2 , 4 and 5 . Observe that 
dc{zi) = A (G) = 4 . Let E = G[V - N g [zi}\ = G[{u, u 3 , tx 4 , 23, 2 4 }]. Clearly 
either 

(i) A(E) = 3 , or 

(ii) E = P 3 U K 2 or P 5 . 

Thus Lemma [3791 is established using Lemmas 13 . 5113.61 and 13.81 in Case i. 
Case ii. di,(zi) = 2 for i = 1 or 3 . 

Let us assume that (z\,Ui) G E for i = 1 and 2 . Note that d G (zi) = 4 and 
consider the subgraph G\V — JVg[2i]] = G[{u, U3, 744,23,24}] = E, say. Since 
G is triangle-free, the vertex 7/3 (also 7x4) is adjacent to at most one of 23 
and 24. If 7x3 (or 7x4) is adjacent to neither 23 nor 24 then E = H3 U K2 
or H5. Thus the lemma is established using Lemmas 13.61 and 13.81 Suppose 
that both 7x3 and 7x4 are adjacent to the same vertex, say 23, then A(E) = 3 
and the lemma is established using Lemma 13.51 Hence without any loss of 
generality assume that (7x3,23) and (7x4,24) are in E. Hence (7x3,22) and 
(7x4,25) are not in E. Now, it is easy to check that 

Y\ = {7x1,7x2,7x3,22,24} and V - Yi = {74, tx 4 , 21,23, 25} 

provide a ( 2 ,l)-colouring of G, a contradiction. This proves Lemma 13.91 □ 

Lemma 3.10 Let G be a triangle-free graph of order 10 with A (G) = 4 and 
A (H) = 2 . Furthermore, let H be isomorphic to C4UE]. If xi(G) = 3 then 
there exists a vertex u* such that G — u* = Gi for some i, 1 < i < 3 . 
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Proof. Let us assume that \'i(G) = 3 . Recall that u G V with da(u) = 
A (G) = 4 , N g (u) = A = {ui,u 2 ,113,114}, B = {z 1 ,z 2 ,z 3 ,z 4 ,z 5 } and H = 
G[B] = C4 U K\. Assume that (zi, z*+i) € E(H ) for i = 1 , 2 , 3 and 
(24,2:1) € E(H). Hence 25 has degree 0 in H. 

The sets 

Y\ = {14, z 2 , 24, 25} and Y 2 = {u, z 1,23, 25} are 1 -independent. 

Since Xi(G') = 3 the sets 

V — Y\ = {zi, 23} U A and V — Y 2 = {22,24} U A are not 1 -independent. 

Hence F\ = G[V — Y\\ and F 2 = G[V — Y 2 ] both have maximum degree 2 . 
Case i. The subgraph Fi, i = 1 , 2 , attains its maximum degree at a Zj for 
some j in { 1 , 2 , 3 , 4 }. We assume without loss of generality that 

d Fl (zi) = 2 , N Fl (zi) = {u!,u 2 }, d F2 (z 2 ) = 2 , N F 2 (z 2 ) = {u 3 ,u 4 }. 

Note that d G (zi) = 4 for i = 1 and 2 . Now we can assume that the 
subgraphs L\ = G\V — ATg^i]] = G[{u, u%, U4, 23,25}] and L 2 = G[V — 
= G[{u, u u u 2 ,Z4, 25}] are both isomorphic to C4UK1. For otherwise 
by Lemmas 13.51 to 13.91 there exists a vertex u* in G such that G — u* = Gi 
for some i, 1 < i < 3 . Thus (25, uf) G E for i = 1 , 2 , 3 and 4 . Now the set 

X\ = {24, z 2 , 25, u} is 1 -independent and so V — X\ = A U {23,24} is not. 

Hence we can assume, without loss of generality, that (23,141) G E. It is 
easy to verify that the graph G — u 2 = G\ or G 2 or G3 according as the 
number of edges between 24 and {143,144} is 0 or 1 or 2. The graph G — u 2 
is illustrated in Figure [ 5 {a). The dotted lines indicate that the edges may 
or may not be in G. This completes the proof of Lemma 13.101 in Case i. 



(a) G — u 2 = Gi, 1 < i < 3 (6) G — 113 = G\ (resp. G — u 2 = G\) 
Figure 5 : Graph G — u* 
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Case ii. The subgraph F\ attains its maximum degree at a Uj for some 
j in { 1 , 2 , 3 , 4 } and F2 attains its maximum degree at a z 3 for some j in 
{ 2 , 4 }. Furthermore dp 1 (zi) < 1 for i = 1 and 3 . 

We assume without loss of generality that (7/1, Zi) £ E(Ei) for i = 1 and 
3 ; ( Uj,Z2 ) £ E(E 2 ) for j = 2 and 3 . Note that N Fl (z\ ) = Np 1 (z3) = {7/1}. 
Since dc(z 2 ) = 4 , the subgraph 

Mi = G[V - N g [z 2 }} = G[{u,u 1 ,U4,Z4,z 5 }\ 

can be assumed to be isomorphic to C4 U K\ . For otherwise, the lemma is 
established using Lemmas 13.51 to [3791 Hence (25,7/j) £ E for i = 1 and 4 and 
(24,7/4) $ E. Thus dciui) = 4 . Again 

M 2 = G[V - 1 Vg[tIi]] = G[{u 2 , 7/3, « 4 , ^2, ^4}] 

is assumed to be isomorphic to C4 U K \, by Lemmas 13.51 to 13.91 Hence 
(24,7/2) and (24,7/3) are in E. The set X\ = {7/, u\, z 2 , 24} is 1 -independent 
and so V — X\ = {u 2 , 7/3,7/4, 21,23,25} is not as X'i(G) = 3 . This implies 
that 25 is adjacent to at least one of {7/2,773}. If 25 is adjacent to u 2 (resp. 
7/3) then it is easy to check that G — 7/3 = G\ (resp. G — u 2 = G 1). The 
graph G — 7/3 (resp. G — u 2 ) is illustrated in Figure [ 5 }fe). This completes 
the proof of Lemma 13.101 in Case ii. 

Case iii. Each subgraph E), i = 1 , 2 , attains its maximum degree at a Uj 
for some j in { 1 , 2 , 3 , 4 }. Furthermore, every zj has degree at most 1 in the 
corresponding E). We assume without loss of generality that 

dpj(7/1) = 2 , N Fl (m ) = {21,23}, dp 2 (u 2 ) = 2 , Np 2 (u 2 ) = {22,24}. 

Note that there are no other edges between A and {21,2 2 ,23,24}. The set 
X\ = {7/2,7/3,7/4,21,23} is 1 -independent and so V — X\ = {7/, 7/1,22,24, 25} 
is not as xi (G) = 3 . Hence (25,7/1) £ E. Now note that dc{u\) = 4 . But 

Ni = G[V - 1 V g [t/i]] = £[{7/2,7/3,7/4,22,24}] 

is isomorphic to H3 U 2 K\. Hence by Lemma 13.61 there exists a vertex u* 
such that G — u* = Gi for some i, 1 < i < 3 . 

This completes the proof of the lemma. □ 

Combining Lemmas 13.21 to 13.101 we have the following result. 

Theorem 3.1 Let G be a triangle-free graph of order 10 with Xi(G) = 3 . 
Then either G = G 5 given in Figure [D or there exists a vertex u* such that 
G — u* = Gi for some i, 1 < i < 4 . 
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We observe that there are exactly four triangle-free graphs of order 9 , 
namely Gi, 1 < i < 4 which are ( 3 , l)-critical. The graphs G± and G 4 are also 
( 3 , l)-edge-critical. The next theorem determines all the ( 3 , l)-edge-critical 
triangle-free graphs of order 10. 

Theorem 3.2 A triangle-free graph G of order 10 is ( 3 , 1 )- edge-critical if 
and only if it is isomorphic to G§ or G\ U K\ or G4A K\. 

Proof. Let G be a ( 3 , l)-edge-critical triangle-free graph of orderlO. By 
Theorem l 3 .ll either G = G§ or there is a vertex u* in G such that G—u* = Gi 
for 1 < i < 4 . Clearly the vertex u* must be an isolated vertex and i must 
be equal to 1 or 4 . Hence G is isomorphic to G5 or G\ U K\ or G 4 U K\. 

It is easy to see that G\ U Ki and G 4 U K\ are ( 3 , l)-edge-critical. To 
complete the proof of the theorem we will show that xi (G5 — e) = 2 for 
every edge e of G$. Clearly xi(G$ — e) > 2 for every edge e of G5. 

Suppose that e = (14,1x4). The sets 

Xi = {u,v,u 1 ,zi,z 2 } and V(G 5 ) - X 1 = {u 2 , 1x3, ix 4 , u 5 , z} 

are 1 -independent and hence provide a ( 2 ,l)-colouring of G5 — e. The edges 
(u,u 2 ), (11,1x4) and (v,u 2 ) are similar to (14,1x4) and it is easy to show that 
the removal of any one of these edges reduces (^s)- 
Next suppose that e = (0,113) or (u, U3). The sets 

Xi = {u,v,u 3 ,z} and V(G 5 ) - X 1 = {«i, u 2 , u 4 , u 5 , zi, z 2 } 

provide a partition of V (G 5 — e) into 1 -independent sets and hence xi (G 5 — 
e) = 2. Suppose that e = (u,u 4 ) or (14,144). The sets 

X 2 = {u,v,u 4 ,z,z 2 } and V(G 5 ) - X 2 = {m, u 2 , u 3 , u 5 , zi} 

are 1 -independent and hence xi(G§ — e) = 2 . Similarly if e = (u,us) or 
(14,445) the sets 

X 3 = {u,v,U3,z,zi} and V(G 5 ) - X 3 = {ui,u 2 ,u 3 ,u 4 , z 2 } 

are 1-independent and so Xi(G , 5 — e) = 2. 

If e = (143,24) (resp. (1x3,22))) then the sets X\ = {1x4,1x2,ix 3 ,ix 4 ,1x5, Z\ 
(resp. 2 2 )} and V (G5) —Xi provide a (2, l)-colouring of G5—e. Ife = (1x4,24) 
(resp. (1x5,22)), then the sets X 2 = {1x1,1x2,1x3,1x4,1x5,24 (resp. z 2 )} and 
V(G§) — X 2 provide a (2, l)-colouring of G5 — e. 
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Now if e = (z,Zi) for i = 1 or 2 the sets X\ = {u,v, z, z\, Z2} and 
V(G 5 ) — X\ provide a ( 2 , l)-colouring of G 5 — e. 

Finally if e = (z, uf) for i = 1 or 2 the sets 

Xi = {u, v, zi, 2 : 2 } and 1/ (G$) - X\ 

provide a ( 2 , l)-colouring of G 5 — e. 

Thus we have shown that for each e in G 5 we have Xi (G 5 — e) = 2. 

This completes the proof of the theorem. □ 

It is easy to see that if a graph with no isolated vertices is (3,1 ^edge- 
critical then it is also (3, l)-critical. From Theorem 13.11 it follows that if 
G ^ G 5 is a triangle-free graph of order 10 with xi (G) = 3 then G is not 
(3, l)-critical. Hence we have the following theorem. 

Theorem 3.3 A triangle-free graph G of order 10 is (3,1) -critical if and 
only if it is isomorphic to G§ given in Figure [H 
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